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We study a liquid quantum droplets in a mixture of two-component Bose-Einstein condensates
under a variable confinement introduced along one or two spatial dimensions. Despite the atom-
atom scattering has a three-dimensional character, discreetness of the available modes in the reduced
dimension(s) strongly influences the zero-point energy – the Lee-Huang-Yang term. In a weakly
interaction limit, it is the leading correction to the mean-field energy at the crossover from three to
two dimensions, or from three to one dimension. We analyze the properties of the droplets at the
dimensional crossovers, and provide the demanding conditions for accessing quasi-low dimensions.
We predict new kinds of droplets which are formed only due to the quantum fluctuations when
the mean-field interaction vanishes. Our results pave the way for exploring new states of quantum
matter, and are important for experiments with liquid quantum droplets in reduced dimensions.
Introduction.—Mixtures of two atomic Bose-Einstein
condensates are the systems with a diverse spectrum of
physical properties. The inter- and intra-species inter-
action strengths, g11, g22, and g12, respectively, are the
key parameters defining their behavior. The energy den-
sity functional of a uniform mixture in the mean field
approximation is a quadratic form [1]:
MF =
1
2
g11n
2
1 +
1
2
g22n
2
2 + g12n1n2, (1)
where n1 and n2 are densities of the species. The mix-
tures can be miscible if |g12| < √g11g22, or immiscible if
interspecies repulsion dominates, g12 >
√
g11g22. On the
contrary, if inter-species attraction is strongly attractive,
g12 < −√g11g22, a mixture collapses. Typically, miscible
mixtures have to be kept in external traps since, if left
alone, they expand to minimize their energy.
The mean-field description overlooks existence of ultra-
dilute quantum droplets — the exotic phases of the
self-bound incompressible system of a two component
Bose-Einstein condensates (BECs), stabilized by quan-
tum fluctuations [2], and with densities orders of magni-
tude smaller than of ordinary liquids.
In a weakly interacting regime, the energy related to
the quantum fluctuations is small, and, for a single-
component BEC, is known as the Lee-Huang-Yang
(LHY) correction to the ground state energy of the sys-
tem [3]:
LHY =
128
30
√
pi
gn2
√
na3, (2)
where n is the density, the coupling strenght g =
4pih¯2a/m, a is the positive s-wave scattering length, and
m is the atomic mass. The correction LHY originates
from a zero-point energy of the vacuum of Bogoliubov’s
quasiparticles. Since it depends on a higher power of the
density, as compared to the leading mean-field terms,
its contribution to the energy is negligible in most cir-
cumstances. However, for the Bose-Bose mixture, at the
edge of the stability, close to the collapse threshold, the
mean-field energy vanishes, and the quantum fluctuations
start to dominate. As predicted in [2], these fluctua-
tions contribute additional energy, called the LHY cor-
rection [2, 4, 5], and stabilize the system and lead to the
formation of quantum droplets.
Quantum droplets were first observed in Dysprosium
and Erbium BECs [6–10], in which the dipole-dipole in-
teractions between atoms is significant. This anisotropic
interaction, depending on the relative position of atoms
and the orientation of their magnetic dipole moments,
can be attractive or repulsive. The competition of at-
traction and repulsion, similarly to the two-component
mixtures, might bring the system to the stability edge,
making it vulnerable to quantum fluctuations. The orig-
inal scenario from Ref. [2], was realized in the recent ex-
periments with two-component Potassium BECs [11–13].
Quantum droplets can also exists in low-dimensional
systems [14]. Due to the expected reduction of three-
body losses, these droplets are of a great experimental
interest. Such low-dimensional systems can be created
by employing tight confinements in one or two spatial
directions. However, tight externals potentials signifi-
cantly modify the excitation spectrum, and, in particular,
the zero-point energy of the quasi-particles. Therefore,
quantum droplets in reduced dimensions possess differ-
ent properties then those in three-dimensional (3D) space
both for BEC mixtures [14] and for dipolar BECs [15].
In experiments, the quasi-two-dimensional (quasi-2D)
or quasi-one-dimensional (quasi-1D) regimes are ob-
tained by a tight confinement introduced by external
potential in one or two directions. The potential in-
troduces an additional linear length scale L of the tight
confinement. This scale sets a lower limit on the exci-
tation momentum to ∼ h¯/L and minimal excitation en-
ergy ε0 = (h¯
2/2m)(2pi/L)2 in the confined direction(s).
If both thermal energy kBT as well as characteristic in-
teraction energy ∼ g11n1 + g22n2, are too small to allow
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2for excitation in the tight direction(s), i.e. ε0  kBT ,
and ε0  g11n1, g22n2, i.e., ε0 is the largest energy scale
of the problem, then from a point of view of kinematics
the system is low-dimensional.
As shown in [14], the low-dimensional liquids are even
more exotic then their 3D analogue. Three-dimensional
droplets are formed when the mean-field approach pre-
dicts a collapse of the system, i.e., interspecies attraction
is sufficiently strong. However, in lower dimensions, the
two- and one-dimensional droplets can be formed in an
overall repulsive system, which liquefies while squeezed,
and does not need any trapping potential in the not con-
fined direction(s) anymore.
In our paper, we study the formation of droplets at
the dimensional crossover from 3D to quasi-2D, and 3D
to quasi-1D. In this regime, which was not previously
explored in the literature, we find new kind of stable
droplets which are formed only due to quantum fluctu-
ations, when the mean-field interaction vanishes. Our
results are also important for experiments for which the
access to quasi-1D or quasi-2D regimes is demanding.
Since such experiments are always performed in 3D un-
der conditions of tight confinement the kinematics may
be low-dimensional to a large extent. The elimination of
excitations, however, in the confined direction(s) is not
complete, and the proper description requires inclusion
of corrections. In particular, we show that the access to
quasi-1D is significantly more demanding than to quasi-
2D, therefore, our results are especially important for
these experiments since in most circumstances only the
crossover is accessible.
The conditions of the dimensional crossover may be
reached by varying the trap geometries of the Bose-Bose
mixture. Both strongly prolate and oblate shapes of
BECs can be formed, and excitation energies in confined
and extended direction(s) can be separated energetically,
with a limited number of modes in confined direction(s)
occupied at low temperatures in the weakly interacting
limit. Such systems, with significantly varying spatial
extensions in different directions, are in the region of di-
mensional crossover.
Lee-Huang-Yang energy of a mixture in a box.—The
system we study is a two component mixture of inter-
acting ultracold Bose gases in the ground state. The
mean-field energy density is given by Eq. (1). Following
the analysis presented in [2], we consider the case when
both intraspecies interactions are repulsive, g11 > 0,
g22 > 0, (g11 ≈ g22), while interspecies interaction is
attractive, g12 < 0. We also assume that the system is
close to the region of collapse, and, thus, the parameter
δg = g12 +
√
g11g22 is small, i.e., |δg|  g11, g22. The
diagonal form of the mean-field energy density reads:
MF = λ−n2− + λ+n
2
+. (3)
where the coefficients λ+ ' (g11 + g22)/2, and λ− '
δg
√
g11g22/(g11 + g22). In our regime |λ−|  λ+, and
thus the density n− = (n1
√
g22 + n2
√
g11)/(
√
g11 + g22)
corresponds to a soft mode, while n+ = (n1
√
g11 −
n2
√
g22)/(
√
g11 + g22), is the density of a hard mode. De-
viation of the latter from zero is energetically very costly,
so we assume that in the ground state the hard-mode
density effectively vanishes, n+ = 0. Consequently, the
densities of both species are proportional to the density
of the soft mode:
n− = n1
√
(g11 + g22)/g22 = n2
√
(g11 + g22)/g11. (4)
To further specify our system we assume that it is con-
fined in a box, and periodic boundary conditions are im-
posed. The standard LHY correction [2] in 3D is evalu-
ated under the assumption that all sides of the box have
similar length.
To find the LHY correction for the tightly confined
system we have to consider the case when a one side of the
box is much smaller than the others, Lz  Lx ' Ly (3D-
2D crossover), or much larger (3D-1D crossover) Lx '
Ly  Lz, than remaining sides. These two configurations
are considered separately below. We denote the tight
confinement extension by L while a linear size of the box
in perpendicular direction(s) by L⊥.
At this stage, we do not assume any particular geom-
etry yet. The LHY energy density reads:
ε0
L3
eLHY = lim
r→0
∂
∂r
(
r
1
2V
∑
k
eikr(εk −Ak)
)
, (5)
where εk =
√
E2k + 2Ek(g11n1 + g22n2) and Ak = Ek +
g11n1 + g22n2, and Ek = (h¯
2k2)/2m. We extracted the
prefactor ε0/L
3 to make eLHY dimensionless. This form
of the LHY energy results from a regularized pseudopo-
tential [3], and it is equivalent to the formula used in
Ref. [2], where the origin of the LHY term is attributed
to the zero-point energy of the Bogoliubov vacuum.
In writing Eq. (5), we made two approximations. First,
we set g212 = g11g22 which is consistent with the previous
assumptions that the system is about to collapse. This
approximation is not a very restrictive one. Second, we
limit the analysis to mixtures of two species with equal
masses only. Therefore, the system we consider is, for in-
stance, a mixture of atoms in two different internal spin
states [11–13]. The second approximations is quite re-
strictive, however. We note that the LHY term is equal
to the one of a single component Bose gas with effective
(gn)eff = g11n1 + g22n2.
The summation over discrete momentum states is es-
sential to account for a tight confinement. If we sub-
stituted the summation over momenta with the integral,
i.e., 1/V
∑
k →
∫
dk/(2pi)3, we would recover the limit
of an infinite box and the LHY energy of a Bose-Bose
mixture in 3D space [2].
LHY energy at the 3D-2D crossover.—Our main goal
here is to find the LHY energy for a system confined
3in one spatial direction. In such a situation the z-
axis is a tight direction, i.e., L = Lz. Assuming that
Lx = Ly → ∞, in Eq. (5) one has to substitute
1
V
∑
k → 1(2pi)2
∫
d2k⊥ 1L
∑
kz
, and the LHY energy in
quasi-2D takes the form:
e2dLHY(ξ) = lim
r→0
∂
∂r
(
r
1
2
∑
qz
∫
d2q⊥ eiqr (εq −Aq)
)
,
(6)
where ξ = (g11n1 + g22n2)/ε0, q = (q⊥, qz) and qz, q⊥
are the integer dimensionless momenta: qz = (L/2pi)kz,
and q⊥ = (L/2pi)k⊥. Bogoliubov’s energies expressed in
the units of ε0 are: εq =
√
q4 + 2ξq2 and Aq = q
2 + ξ.
The ratio ξ of the sum of mean field energies of both
component to the excitation energy in the tight direction
is the crucial parameter characterizing the system. We
note that Eq. (6) applies not only to a system at 3D-2D
crossover, but also in the case of strongly oblate geome-
try, where the characteristic spacing of kinetic momenta
in the tighter direction is much larger than spacing in the
perpendicular directions. Then, the densely spaced mo-
menta in the perpendicular direction can be considered
as continuous.
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FIG. 1. The ratio s2d(ξ) = e2dLHY(ξ)/e
3d
LHY(ξ) as the function
of ξ given by the thick black line. The additional thin meshed
curve is the same ratio but using the approximate formula for
e2dLHY(ξ) given by Eq. (7). The red dashed horizontal line is
the asymptotic 3D result.
For small ξ, the result can be obtained analytically (see
the Supplementary Material). The formula, derived for
ξ  1, is the following:
e2dLHY(ξ) =
pi
4
ξ2
(
log(ξ) + log(2pi2) +
1
2
+
pi2ξ
3
)
. (7)
We compare this expansion to the direct numerical
evaluation of Eq. (5). In Fig. 1, we plot the ratio
s2d(ξ) = e2dLHY(ξ)/e
3d
LHY(ξ), where the 3D LHY energy is
e3dLHY(ξ) = 16
√
2piξ5/2/15. We also plot there s2d(ξ) but
with e2dLHY(ξ) taken from Eq. (7) (thin meshed curve).
The approximate expression for LHY term at 3D-2D
crossover almost perfectly reproduces the numerical re-
sult for ξ < 0.3. For larger values of ξ, the exact formula
is in the perfect agreement with the 3D expression. The
agreement between quasi-2D and 3D results for values of
ξ such small as ξ = 0.3 is quite surprising because the
3D formula formally applies in the limit ξ  1.
Droplets at 3D-2D crossover.—Neglecting the surface
energy, which is well justified for large droplets where a
bulk contribution dominates, the energy of the homoge-
neous droplet of volume V is equal to the sum of the
mean-field term, eMF, and LHY correction, e
2d
LHY:
Ehom =
ε0
L3
(
eMF(ξ) + e
2d
LHY(ξ)
)
V, (8)
where eMF(ξ) = βξ
2, and β = ε0L
3δg/
√
g11g22(
√
g11 +√
g22)
2 .
The droplet is stable in an empty space if its pressure
vanishes, p = −(d/dV )Ehom = 0. Note, that ξ is propor-
tional to the density, i.e., dξ/dV = −ξ/V . The condition
for the equilibrium density of droplets takes the form:(
ξ
∂
∂ξ
− 1
)(
eMF(ξ) + e
2d
LHY(ξ)
)
= 0. (9)
We now focus on the quasi-2D regime in which e2dLHY(ξ)
is given by Eq. (7) with the last term neglected. Assum-
ing for simplicity g11 = g22 = 4pih¯
2a/m, which implies
n1 = n2 = n, the solution of Eq. (9) yields:
ξ0 =
1
2pi2
e−
3
2−Lδa2a2 , (10)
where we used δg = 4pih¯2δa/m. The above result leads
to the following droplet density:
n =
e−3/2
8pi
1
aL2
e−
Lδa
2a2 . (11)
To find the conditions for a quasi-2D system, we com-
pare the droplet density obtained with Eq. (7) to the one
given by Eq. (11). We find that for ξ <∼ 0.03, the relative
difference between the two results is smaller than 20%.
We assume this condition defines the quasi-2D regime.
Therefore, to have a quasi-2D system we need to have
ξ0 <∼ 0.03 , and, from Eq. (10), we find that
δa
a
> −4 a
L
, (12)
According to Eq. (12), δa can have arbitrary sign. There-
fore, we arrive at the conclusion that droplets can be
formed for the system with mean-field energy correspond-
ing to repulsive, weakly attractive, or even effectively
vanishing interactions. The last possibility was not dis-
cussed in the literature so far. It is a droplet which is
formed only due to quantum fluctuations.
Finally, let us compare our results for quasi-2D regime
with the results from Ref. [14] for strictly 2D systems.
4In the latter case, the LHY energy and droplet densities
are expressed in terms of 2D scattering length. Here, we
consider the case a  L, i.e., the scattering has a 3D
character. To compare the results, we have to express
the 2D scattering length, a2d, by the 3D one in the case
of the box geometry analyzed in our paper. The scatter-
ing process in quasi-2D, when the confinement in a tight
direction is provided by a box of length L, is expressed
by [16]:
a2d = 2Le
−γ− L2a . (13)
An analogous formula, in a situation when the tight con-
finement is provided by a harmonic potential, is given
in [17]. Inserting the above relation into equations for
2D LHY energy density and droplet density of [14] we
recover our results, given by Eqs. (8) and (10), together
with Eq. (7) with the last term neglected. This agree-
ment provides an important and independent test of our
approach.
LHY energy at the 3D-1D crossover.—We now focus
on the 3D-1D crossover regime where the LHY energy is:
e1dLHY(ξ)= lim
r→0
∂
∂r
r1
2
∑
qx,qy
∫
dqz e
iqr (εq−Aq)
 , (14)
where qx,y are integers, qx,y = (L⊥/2pi)kx,y, and qz is
a real-valued dimensionless momentum, qz = (L/2pi)kz.
The Bogoliubov’s energies expressed in the units of ε0
have the same form as in the 3D-2D system. Similarly
as before, we took L⊥ → ∞, and, thus, we substituted:
1
V
∑
k → 12pi
∫
dk 1L2
∑
kx,ky
. For small ξ, we obtain (see
the Supplementary Material)
e1dLHY = −
2
√
2
3
ξ3/2 + c2ξ
2 + c3ξ
3, (15)
where c2 =
1
4
(∫
dn 1/n2 −∑ny,nz 6=0 ∫ dnx1/n2) ' 3.06
and c3 =
pi
8
∑
nx,ny 6=0(n
2
x + n
2
y)
−3/2 ' 3.55.
In Fig. 2, we plot the ratio s1d(ξ) = e1dLHY(ξ)/e
3d
LHY(ξ).
As before, the analytic approximate expression for the
3D-1D LHY term almost perfectly matches the full nu-
merical result for ξ < 0.3. For larger values of ξ, the
exact formula is close to the 3D expression.
Droplets at 3D-1D crossover.— We now analyze the
quasi-1D regime defined in the limit ξ  1. Including
only the first term of Eq. (15), we find from Eq. (9) that
at the equilibrium ξ0 = (2/9)β
2 = (128/9pi2)a4/(δa2L2).
The corresponding droplet density is
n =
32
9pi
a3
δa2L4
, (16)
where we assumed for simplicity g11 = g22 = 4pih¯
2a/m.
To find the condition for the validity of this formula, we
compare it with the density of the droplet using the full
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FIG. 2. The ratio s1d(ξ) = e1dLHY(ξ)/e
3d
LHY(ξ) as the function
of ξ given by the thick black line. The additional thin meshed
curve is the same ratio but using the approximate formula for
e1dLHY(ξ) given by Eq. (15).
e1dLHY(ξ) from Eq. (15). The relative density differs from
the one given by Eq. (16) by 20% for ξ approximately
equal to 0.0004. Thus, for ξ <∼ 0.0004, the formula for
the density of the quasi-1D droplet is valid. However
such small value of ξ is probably out reach for current
experiments. As in the 2D-3D crossover we also find
here droplets which exist for β = 0. Using Eqs. (9) and
(15) we find their density corresponds to ξ0 ' 0.15 which
places such droplet far away from the quasi-1D regime
and of course far away from the 3D system where such
droplet cannot exist.
We now compare our predictions to the 1D results ob-
tained in [14]. To this end, we have to express the 3D
interaction parameter by the 1D coupling, g1d. From
Ref. [18], we infer that, for a/L 1, the g1d can be ob-
tained by averaging the 3D interaction over the density
profile in the tight directions, yielding g1d = g/L
2. Using
this relation, we obtain that in the quasi-1D regime the
energy and equilibrium densities of the droplet have the
same form as given in [14, 19].
Validity of the approach.—We now briefly discuss the
validity of our results. The Bogoliubov approach is valid
as long as the LHY energy correction ε0L3 eLHY is much
smaller than the characteristic mean-field energy den-
sity gn2 (for simplicity we take g11 = g22 = g). This
condition reads piL2a ξ
2  |eLHY|. For both situations an-
alyzed in our paper, e1d,2dLHY is practically equal to e
3d
LHY
for ξ > 0.3. Then, the condition is equivalent to the 3D
condition, namely, na3 = ξ a
2
L2  1 , which we assume.
For smaller values of ξ, we can use analytical formulas
given in Eqs. (7) and (15), which lead to the condition
| log(ξ)|  2La in the 3D-2D and
√
ξ  aL in the 3D-1D
case.
Conclusions.—We analyzed the so far unexplored for-
mation of quantum droplets in the Bose-Bose mixtures
at dimensional crossover from 3D to 2D or 1D. Under the
5assumption, that the scattering processes are 3D, which
happens when the spatial extent of a tight confinement
L is much larger than a 3D scattering length a, we have
found expressions for the beyond-mean field correction
to the system energy. These corrections generalize the
Lee-Huang-Yang term as obtained for the 3D BEC. We
show how this energy smoothly changes as a function of
the parameter ξ = (g11n1 + g22n2)/ε0.
The analysis of 3D-2D and 3D-1D crossovers revealed
that the quasi-2D and quasi-1D regimes are accessed
for values of ξ <∼ 0.03 and ξ <∼ 0.0004, respectively,
which are much smaller than expected. The naive pre-
diction suggesting that for ξ < 1, the excitations in
the confined directions are practically frozen, and the
system should be quasi-low-dimensional, does not work.
Counter-intuitively, we find that for ξ > 0.3 the LHY
correction is practically equal to the one obtained in the
3D case.
Our results provide the working parameters for the
planned experiments, which aim at exploring low-
dimensional formation of droplets in Bose-Bose mixtures.
The quasi-2D regime, as compared to quasi-1D, is acces-
sible for a broader range of ξ, i.e., for ξ <∼ 0.03, which
is, however, still experimentally demanding. The quasi-
1D regime is attained for a much smaller range of ξ, i.e.,
ξ <∼ 0.0004, which poses a severe experimental constraint.
However, our work reveals that yet unexplored 3D-1D
crossover supports exotic droplets, different from both
3D and quasi-1D case, and formed only due to quantum
fluctuations. Such droplets also exist at the border of the
quasi-2D regime. The results we present pave the way for
exploring new states of matter in low-dimensional sys-
tems, in which quantum fluctuations play the prominent
role.
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6SUPPLEMENTAL MATERIAL
In this Supplemental Material we discuss the details of
the derivation of Eqs. (7) and (15) from the main paper.
We show how to properly handle the sums and integrals
in the Lee-Huang-Yang energy in order to arrive at a
correct finite result.
Crossover from 3D to quasi-2D
We start from the main equation for the Lee-Huang-
Yang energy, i.e., Eq. (6) from the main. We thus have:
− 2
ξ2
e2dLHY(ξ) (1)
=
∂
∂r
(
r
∑
qz
∫
d2q⊥
1√
q2(q2 + 2ξ) + q2 + ξ
eiqr
)∣∣∣∣∣
r=0
.
Now, we expand the right hand side in the power series
in ξ, and we find∑
qz
∫
d2q⊥
1√
q2(q2 + 2ξ) + q2 + ξ
eiqr
'
∫
d2q⊥
1√
q2⊥(q
2
⊥ + 2ξ) + q
2
⊥ + ξ
eiqr
+
∑
qz 6=0
∫
d2q⊥
1
2q2
eiqr − ξ
∑
qz 6=0
∫
d2q⊥
1
2q4
eiqr.
As we show in details below, in the limit r → 0, we
find that the first two terms are of the following form:∫
d2q⊥
eiqr√
q2⊥(q
2
⊥ + 2ξ) + q
2
⊥ + ξ
+
∑
qz 6=0
∫
d2q⊥
eiqr
2q2
=
pi2
r
− pi
2
(
log ξ +
1
2
+ log(2pi2)
)
, (2)
whereas the third term is given by∑
qz 6=0
∫
d2q⊥
eiqr
2q4
'
∑
qz 6=0
∫
d2q⊥
1
2q4
=
∑
nz>0
pi
n2z
=
pi3
6
.
Inserting these expressions into Eq. (1), we find
e2dLHY(ξ) =
pi
4
ξ2
(
log ξ +
1
2
+ log(2pi2) +
pi2
3
ξ
)
,
which is Eq. (7) of the main paper.
Now, we show in details how to derive Eq. (2). In order
to simplify the calculation, we take z = 0 in the vector
r = (x, y, z), which gives r =
√
x2 + y2.
We rewrite the first term from the left-hand side of
Eq.(2) in cylindrical coordinates:∫
d2q⊥
eiqr√
q2⊥(q
2
⊥ + 2ξ) + q
2
⊥ + ξ
= 2pi
∫ ∞
0
q⊥dq⊥
J0(q⊥r)√
q2⊥(q
2
⊥ + 2ξ) + q
2
⊥ + ξ
.
The change of variable into n = q⊥r yields:
= 2pi
∫ ∞
0
ndnJ0(n)
1√
n2(n2 + 2ξr2) + n2 + ξr2
' 2pi
∫ n0
0
ndn
1√
n2(n2 + 2ξr2) + n2 + ξr2
+2pi
∫ ∞
n0
dn
J0(n)
2n
.
Here, we approximated J0(n) ≈ 1 in the first integral on
right-hand side, and neglected ξr2 terms in the denomi-
nator in the second integral since the main contribution
comes from large n. These approximations are valid as
long as n0  1. In these limit, the integrals can be eval-
uated:∫ n0
0
ndn
2pi√
n2(n2 + 2ξr2) + n2 + ξr2
' pi
2
log
(
2n20
ξr2
)
−pi
4
(3)
and
2pi
∫ ∞
n0
dn
J0(n)
2n
' −pi (log(n0)− log(2) + γ) , (4)
where γ denotes the Euler’s constant. As a result, we
obtain ∫
d2q⊥
eiqr√
q2⊥(q
2
⊥ + 2ξ) + q
2
⊥ + ξ
=
3pi
2
log(2)− piγ − pi
2
log(ξr2)− pi
4
. (5)
Let us now analyze the second integral in Eq. (2):∑
qz 6=0
∫
d2q⊥
eiqr
2q2
= pi
∑
qz 6=0
∫ ∞
0
q⊥dq⊥
J0(q⊥r)
q2⊥ + q2z
= pi
∫ ∞
0
q⊥dq⊥ J0(q⊥r)
piq⊥ coth(q⊥pi)− 1
q2⊥
.
Now, we change the variables into n = q⊥r, and take 
as the lower limit of the integral. The right-hand side is:
pi
r
∫ ∞

dnJ0(n) coth
(npi
r
)
−
∫ ∞

dn
J0(n)
n
.
Now, the second term in this expression is:
−
∫ ∞

dn
J0(n)
n
' log(/2) + γ,
whereas the first gives:
pi
r
∫ ∞

dnJ0(n) coth
(npi
r
)
' pi
r
∫ n0

dn coth
(npi
r
)
+
pi
r
∫ ∞
n0
dnJ0(n) ' log
( r
2pi
)
+
pin0
r
+
pi
r
(1− n0),
where   n0  1 and n0  r. Finally, from these
results altogether, we obtain∑
qz 6=0
∫
d2q⊥
eiqr
2q2
=
pi2
r
+ pi log
( r
4pi
)
+ piγ. (6)
Therefore, the sum of the expressions from Eqs. (5)
and (6) recovers Eq. (2).
7Crossover from 3D to quasi-1D
From Eq. (14) of the main paper, we find
− 2
ξ2
e1dLHY(ξ) (7)
=
∂
∂r
r ∑
qx,qy
∫
dqz
1√
q2(q2 + 2ξ) + q2 + ξ
eiqr
 .
As before, we this expression in powers of ξ, and we get:
∑
qx,qy
∫
dqz
eiqr√
q2(q2 + 2ξ) + q2 + ξ
'
∫
dqz
eiqr√
q2z(q
2
z + 2ξ) + q
2
z + ξ
+
∑
qx,qy
′
∫
dqz
eiqr
2q2
− ξ
∑
qx,qy
′
∫
dqz
eiqr
2q4
,
where
∑′
qx,qy
denotes the sum without the qx = qy = 0
term. In the limit r → 0, the first term is:∫
dqz
eiqr√
q2z(q
2
z + 2ξ) + q
2
z + ξ
'
∫
dqz
1√
q2z(q
2
z + 2ξ) + q
2
z + ξ
=
4
√
2
3
√
ξ
,
the second term is:∑
qx,qy
′
∫
dqz
eiqr
2q4
'
∑
qx,qy
′
∫
dqz
1
2q4
=
pi
4
∑
qx,qy
′ 1
(q2x + q
2
y)
3/2
= 2c3,
and the third is:
∑
qx,qy
′
∫
dqz
eiqr
2q2
' pi
2
r
− 2c2, (8)
where c2 is a constant given by
− 4
pi
c2 = lim
qc→∞
 ∑
|qx|,|qy|≤qc
′ 1√
q2x + q
2
y
−
∫ qc+1/2
−qc−1/2
dqx
∫ qc+1/2
−qc−1/2
dqy
1√
q2x + q
2
y
 .(9)
In these expression, the sum
∑′
means that we exclude
the term with qx = qy = 0. Collecting the terms alto-
gether, we recover Eq. (15) of the main paper.
Below, we show in details how to derive Eqs. (8)
and (9). To start, we assume r = (r, 0, 0) for simplic-
ity, and, then, we obtain∑
qx,qy
′
∫
dqz
eiqxr
2q2
=
∑
qx,qy
′ pi
2
√
q2x + q
2
y
e−r
√
q2x+q
2
y .
In the limit r → 0, the exponent is important for ensuring
the convergence for large
√
q2x + q
2
y. Therefore, to pro-
ceed, we divide the region of summation into two parts
A and B: A is the square region in which |qx|, |qy| ≤ qc,
and B is the rest. In the region A, we neglect the ex-
ponent, whereas in region B we approximate the sum by
the integral. As a result, we obtain∑
qx,qy
′ 1√
q2x + q
2
y
e−r
√
q2x+q
2
y
'
∑
|qx|,|qy|≤qc
′ 1√
q2x + q
2
y
+
∫
B
dqxdqy
e−r
√
q2x+q
2
y√
q2x + q
2
y
,
where
∫
B
denotes the integral over the region B. Now, we
rewrite this integral as
∫
B
=
∫ − ∫
A
. Here, it is important
to observe that∫
A
dqxdqy =
∫ qc+1/2
−qc−1/2
dqx
∫ qc+1/2
−qc−1/2
dqy.
The shift in the boundaries by 1/2 comes from the fact
that summed element with qx, qy is replaced in the inte-
gral by a square of unit length with qx, qy located at the
center of the square. As a result, we end up with∑
qx,qy
′
∫
dqz
eiqxr
2q2
'
∫
dq
eiqxr
2q2
− 2c2 = pi
2
r
− 2c2.
In the above we notice that the limit of integration is
qc + 1/2. We stress here the presence of the shift by 1/2
in the integral’s boundaries. If the shift is neglected (as
it would be done in approximated treatment) c2 changes
significantly, influencing the properties of the system.
